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ABSTRACT: This paper presents the development of simple semi-empirical formulae for the analysis of nominal  
flexural strength of high strength steel fiber reinforced concrete (HSFRC) beams.  Such developed formulae were based 
on strain compatibility and equilibrium conditions for fully and partially HSFRC sections in joint with suitable 
idealized compression and tension stress blocks.  The stress blocks were given by suitable empirical functions for the 
compressive and post-cracking strengths of HSFRC. The enhancement in compressive strength due to fibers inclusion 
is proposed as a function of concrete matrix strength and fiber reinforcing index. To account for the pullout resistance 
of fibers in tension, the post-cracking strength was evaluated as a function of fiber reinforcing index and bond strength. 
The fiber reinforcing index was considered as a function of volume content, aspect ratio, orientation and length 
efficiency factors of the fibers. In view of the degenerative nature of the pullout resistance of the fibers with the 
increase of crack width, a limit was placed on the useful tensile strain extent; depending on fiber length and crack 
spacing. It was found that there is a good agreement between the flexural strengths for HSFRC beams predicted by the 
proposed formulae and the experimental results reported in the literature, while the predicted flexural strengths as 
computed by ACI committee (544) were very conservative.  The parametric studies indicate that the nominal moment 
section capacity increases with the increase of fiber content and fiber aspect ratio.  
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1- INTRODUCTION 
Nowadays, different structural applications such as 
beams, columns, and connections are being constructed 
using steel fiber reinforced concrete (SFRC) in 
combination with conventional steel reinforcing bars. 
When concrete cracks, the randomly oriented fibers 
arrest the internal micro-cracking mechanism and limit 
crack propagation, and in turn, improve strength and 
ductility under different loading schemes (Shah et al., 
1989). Several experimental programs have been worked 
out (Daniel et al, 2002; Altun et al; 2006, Mustafa, 2007) 
to identify the flexural behavior of SFRC beams. It was 
found that SFRC beams exhibit higher flexural strength, 
ductility and toughness properties for longer fiber and 
higher fiber content. As shown in Fig. (1) & (2), the 
moment-deflection curve of SFRC beams has longer 
plateau at the peak load, and the descending part of curve 
is less steep compared to non-fibrous concrete beams. 
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Fig. 1.  Effect of steel fiber content on the load- 
deflection response (Mustafa, 2007) 
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Fig. 2.  Effect of steel fiber aspect ratio on the load- 
deflection response (Mustafa, 2007) 
 
The existing flexural design approaches for SFRC are 
based on conventional design methods supplemented by 
special procedures for fiber contribution (ACI 
Committee544, 1997; Altun et al; 2006). Such methods 
are often empirical, and they may apply only to certain 
cases where limited supporting test data have been 
obtained. In (ACI Committee544, 1988; 1997), the 
flexural strength of SFRC sections is predicted on the 
basis of an equivalent rectangular compression and 
rectangular tension block. The compression block is 
defined in terms of the compressive strength of cylinder 
of concrete matrix while the tension block depends only 
on the bond strength of steel fibers (fb). The bond 
strength is evaluated as 4.0 Mpa. As shown in Fig. (3), 
the basic equations for calculating the nominal moment 
strength (Mn) are as follows: 
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Fig. 3. ACI   approach  (ACI  committee, 1988) 
            
Mn = Ts (d – a/2) + Tf (t/2 + c/2 – a/2)                (1) 
Tf = fb b (t – e)                   (2) 
The distance (e) is measured from extreme compression 
fiber to top of tensile stress block of fibrous concrete. 
 
This paper presents a more realistic and semi-empirical 
approach for predicting the nominal flexural strength on 
the basis of suitable idealized stress blocks and sectional 
analysis procedure. The theoretical predictions of the 
ultimate moment capacity are compared with the 
measured response for many tested beams in other 
research programs mentioned in the literature.  
 
2- EVALUATION OF HSFRC PARAMETERS  
 
To develop the proposed flexural strength state for 
HSFRC beams, the compressive strength and post-
cracking strength of HSFRC are empirically evaluated.  
 
2-1 COMPRESSIVE STRENGTH OF HSFRC  
Many experimental programs for SFRC under uni-axial 
compressive loading were worked out (Balaguru et al., 
1992; ACI Committee544, 1988) to study the effect of 
steel fibers addition to normal and high strength concrete 
matrix. Typical stress-strain curves of SFRC in 
compression are given in Fig. (4) where the effect of 
increasing fiber content is shown to increase the area 
under the descending branch of the curve. The effect of 
increasing fiber aspect ratio follows the same trend as 
shown in Fig. (5). The main contribution of fibers 
inclusion is found to increase toughness, integrity and 
ductility of the composite in compression. 
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Fig. 4. Effect of fibers volume fraction on compressive 
stress-strain curves  (ACI committee, 1997) 
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Fig. 5. Influence of fibers aspect ratio on compressive 
stress-strain curves (ACI   committee, 1997) 
To evaluate the gain in compressive strength due to 
fibers inclusion in the present work, nine HSC cubes and 
eighteen HSFRC cubes with different fiber contents were 
tested after 28 days using the standard compression 
machine. The strength values for different concrete cubes 
are given in Table (1). It is clear that the compressive 
strength of the composite HSFRC has a slight increase 
than that of HSC matrix. This enhancement in uniaxial 
strength is due to the internal passive confinement of the 
matrix by steel fibers which also delay the crack 
spreading and propagation (ACI   committee544, 1997). 
 
Table 1.  Summery of experimental results of standard 
cubes (Mustafa, 2007) 
No. of cubes Fiber volume (%) Average strength (Mpa) 
9 0.0 80.3 
6 0.5 81.5 
6 1.0 84.3 
6 2.0 89.65 
To determine the strength gain of HSFRC, analytical 
expression was sought in terms of the fiber reinforcing 
parameters and compressive strength of HSC matrix. For 
this purpose, these key parameters were statistically 
related to the experimental data of HSFRC cubes. It was 
generally observed that the least square fitting linear 
relation was quite acceptable and simple. The following 
general form was used: 
fcuf = fcu ( a + b If )                                          (3) 
Where fcuf  and fcu are respectively the compressive 
strength of HSFRC composite and HSC matrix. The 
constants a and b are the slope and intercept parameters 
of the linear fitting equation. In order to account for the 
random spatial distribution of discrete short steel fibers 
and for the fiber matrix interaction, the fiber reinforcing 
index If is considered as a function of fiber volume 
content vf, fiber aspect ratio (lf/Φ), orientation and length 
efficiency factors ηoc, ηlc 
If = 2 ηlc ηoc vf (lf/Φ)                               (4) 
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In the present work, fiber length was less than the critical 
fiber length and was much less than the dimension of 
cube specimen. In addition, the testing results of SFRC 
confirm the fact that steel fibers exhibited only pull-out 
mechanism at increasing strains. As a result, the values 
of ηoc and ηlc as 0.14 and 0.5 respectively have been 
applied in the present work for HSFRC in compression. 
The fiber reinforcing index If was given by: 
If = 0.14 vf (lf/Φ)                   (5) 
From the statistical analysis of the experimental results 
(Mustafa, 2007), the following linear regression equation 
was derived to predict compressive strength of HSFRC 
composite as: 
fcuf  = fcu ( 1 + 0.1066 vf lf/Φ)   (6) 
 
2-2 POST-CRACKING STRENGTH OF HSFRC 
The existing studies on the tensile response of SFRC in 
literature (ACI Committee544, 1988; Shah, 1989; Barros 
et al., 2005), showed that the contribution of steel fibers 
to the brittle matrix can be simulated as: significant 
increase in material ductility and toughness, and steady 
state crack-width control mechanism. Typical example of 
the stress-crack width curve is shown in Fig. (6). It is 
clear that the stress-displacement curve consists of a 
small ascending part followed by long descending 
softening part. 
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Fig. 6.  Tensile load-displacement relationship of SFRC 
After composite cracking, the load is transferred 
immediately to the fibers at the crack interface. Due to 
fibers debonding, the tensile stress response in the 
measured load-extension curves abruptly drops and is 
arrested at a certain level by the pullout resistance of 
fibers. This stress level is defined as the post-cracking 
strength fpp. From the tension tests on fibrous concrete, 
the post-cracking strength is related (Lim et al., 1987) to 
the bond strength (τu), fiber volume content vf, fiber 
aspect ratio (lf/Φ), fiber length and orientation efficiency 
factors (ηlt, ηot) in tension 
fpp= 2 ηlt ηot vf (lf/Φ) τu                (7) 
For the present case when the fiber length was less than 
the dimensions of beam section, the values of ηlt and ηot 
are 0.5 and 0.41 respectively. For the ultimate bond 
strength τu, a value of 4.0 Mpa is adapted here (ACI 
Committee544, 1997). The pullout resistance  fpp, is 
given in Mpa as 
fpp = 1.64 vf (lf/Φ)    (8) 
 
It was found (Lim et al., 1987, Barros et al., 2005) that 
the post-cracking stress drops approximately to zero at 
crack extension equal to half the fiber length.  
 
3- PROPOSED NOMINAL FLEXURAL 
STRENGTH APPROACH FOR HSFRC BEAMS 
 
Based on the strain compatibility & equilibrium 
conditions and suitable assumptions for HSFRC beam 
sections, the formulations of proposed approach are 
presented. According to ACI code (ACI Committee318, 
2005), the ultimate moment strength (Mu) is as follows: 
 
Mu = strength reduction factor x Mn   (9) 
 
3-1 BASIC ASSUMPTIONS OF THE APPROACH 
The proposed approach for flexure of HSFRC beams is 
based on the following assumptions: 
• Plane sections remain plane after bending, and 
consequently the strain distribution is linear. 
• The strain in the reinforcement is equal to the strain 
in concrete at the same level which implies perfect 
bond between concrete and steel. 
• For steel reinforcement in compression and tension, 
the bilinear elasto-plastic idealization is used. 
• For HSFRC in compression, the stress distribution is 
idealized by the equivalent rectangular stress block 
of ACI code (ACI Committee318, 2005). A uniform 
stress of 0.67 fcuf is assumed to be distributed over an 
equivalent compression zone of  depth = a, given as 
a function of the neutral axis depth c 
a = β c                 (10) 
β = 1.05 – 0.05 (fcuf / 6.9)   0.85 ≥ β ≥ 0.65 (11) 
• Based on the study of plastic hinges, concrete is 
assumed to crush when the compression strain 
reaches a limiting usable strain which is taken as 
0.003 (ACI Committee544, 1988). It should be noted 
that much higher limiting strain have been measured 
in HSFRC members. 
• Using a perfectly plastic idealization for the behavior 
of HSFRC in tension, the tensile stress rectangular 
distribution is represented by a uniform stress which 
equals the post-cracking strength fpp and acting over 
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a depth of (t – c). The post-cracking strength 
accounts for the pullout resistance of steel fibers. 
• In view of the degenerative nature of the pullout 
resistance of steel fibers with the increase of crack 
width, a limit is placed on the useful tensile strain 
extent. Hence, εtu is set as a function of the fiber 
length lf and the crack spacing Scr (Lim et al., 1987) 
εtu = lf / 8 Scr                                   (12) 
Approximate value was evaluated for crack spacing 
as 0.5t to 0.8t (Lim et al., 1987; Laura C., 2007). 
• The compressive and post-cracking strengths of 
HSFRC are evaluated by the empirical functions 
given before in Section 2. 
 
3-2 FORMULATIONS OF THE APPROACH 
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Fig. 7.  Ultimate stress and strain distribution 
Based on the above assumptions, the ultimate strain and 
stress distribution is shown in Fig. (7-a) for the fully 
reinforced HSFRC section, and in Fig. (7-b) for the 
partially reinforced HSFRC section; where the steel fiber 
is included only in the tension side over a depth of tf, 
From the force equilibrium condition and strain 
compatibility condition, the depth of the compression 
block can be determined as follows: 
Cc = Ts + Tf                 (13) 
Ts = As fs                 (14) 
εs = 0.003(βd / a – 1)                (15) 
fs = Es εs  εs < εy                (16) 
fs = fy  εs ≥ εy                (17) 
For fully reinforced HSFRC section, the forces Cc and Tf 
are given by: 
Cc = 0.67 fcuf a b                 (18) 
Tf = 1.64 vf (lf/Φ) b (t – c)                (19) 
For the partially reinforced HSFRC section, the forces 
are given by: 
Cc = 0.67 fcu a b                 (20) 
Tf = 1.64 vf (lf/Φ) b tf                 (21)  
From the equilibrium condition of moments, the nominal 
moment capacity of the fully reinforced HSFRC section 
is expressed by: 
Mn = Ts (d – βc/2) + Tf [(t + c - βc) / 2]              (22) 
The corresponding nominal moment capacity of partially 
reinforced HSFRC section is: 
Mn = Ts (d – βc/2) + Tf [t – (tf + βc)/2]               (23) 
 
4- VALIDATION AND PARAMETRIC STUDIES  
4-1 VERIFICATION STUDIES 
 
Using the proposed approach, the nominal moments of 
several SFRC beams are computed and compared with 
the experimental results from eight sources of literature. 
In Table (2), the predicted moments are compared with 
the testing results for thirty nine beams.  In addition, the 
examinations of all tested and computed strengths are 
shown in Fig. (8). The study of the results listed in the 
table and the figure showed that satisfactory results were 
obtained from the comparison of measured and 
computed flexural strengths. The mean value of the ratio 
between the measured and calculated strengths is 1.17 
and the standard deviation is 0.09. The approach yields 
safe predictions for nominal moment capacity for normal 
strength and high strength fibrous concrete beams.  
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Fig. 8.  Correlation of the experimental and design       
flexural strengths for the proposed Method 
Despite the difference in test specimens, Table (2) and 
Figure (8) show that the proposed approach predicts the 
flexural strength of test specimens reasonably well. Data 
cover a broad spectrum of fibrous beams including 
variations in concrete strength (34 ≤ fcuf ≤ 90 Mpa), steel 
yield stress (360 ≤ fy ≤ 437 Mpa), tensile steel area (25 ≤ 
As ≤ 628 mm2), compression steel area (0 ≤ As' ≤ 100 
mm2), beam widths (110 ≤ b ≤ 250 mm), beam depth 
(100 ≤ t ≤ 300 mm), fiber volume content (0.0 ≤ vf ≤ 
2.0%), fiber aspect ratio (30 ≤ lf/Φ ≤ 80), and fiber 
zoning (Full, Partial). Moreover, Table (2) shows that the 
ultimate moment capacity for fibrous beams increases 
with the increase of concrete strength, yield stress of 
steel, tension steel ratio, and compression steel ratio. The 
tensile strain was monitored at the extreme tension side 
and the computed values were in the range of 0.006 to 
0.05. These values have not exceeded the tensile strain 
limit as given by Equation (12);  εtu = lf / 4t. 
In Table (2), the flexural strengths of the different 
experimental results of fibrous beams are recalculated 
using ACI equations. In addition, the examinations of all 
tested and computed strengths are shown in Fig. (9). The 
mean value of the ratio between the measured and 
calculated strengths is 1.50 and the standard deviation is 
0.30. The study of the results listed in the table and the 
figure showed that ACI predictions of nominal moment 
capacity of SFRC sections are very conservative in 
comparison with the proposed method. 
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Fig. 9.  Correlation of the experimental and design       
flexural strengths for the ACI equations  
4-2 PARAMETRIC AND DESIGN STUDIES 
 
Several case studies were performed to demonstrate 
the variation in the calculated flexural strength of 
HSFRC beams caused by the fiber reinforcing 
parameters. The beam with vf = 1.0%, tested in (Mustafa, 
2007), was taken as the datum beam for the parametric 
design studies. The effect of fiber volume content, fiber 
aspect ratio, and fiber zoning on the nominal moment is 
shown in Fig. (10).The study of the results in this figure 
indicate that for constant fiber aspect ratio =50, the 
increase of vf from 0.0% to 2.0% increases the moment 
capacity by 30.0% for fully reinforced HSFRC beam. 
For the case lf/Φ = 80, the corresponding increase in 
flexural strength is 47.0%. It can also be seen from Fig. 
(10) that the increase of fiber aspect ratio lf/Φ from 50 to 
80 leads to 7.7% increase in flexure strength if vf = 1.0%, 
and to 13.5% increase in flexure strength if vf = 2.0%. In 
addition, the predicted flexural strength for partially 
reinforced HSFRC beams is slightly less than that of 
fully reinforced HSFRC beams. 
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Fig. 10.  Effect of fiber volume, aspect ratio, and fiber 
zoning on the predicted nominal moment 
 
To develop a flexural design chart for fully reinforced 
HSFRC sections, the governing equilibrium equations 
are rearranged and the following dimensionless formula 
was derived for all grades of concrete and steel and with 
different fiber reinforcing index.  
 
Mn /(bd2fcuf) = µ (fy/fcuf) (1-βc/2d)  
                      + (fpp/fcuf)[(t- c)/d][(t+c- βc)/2d]           (24) 
 
The design chart is plotted in Fig.(11). It is clear that the 
nominal moment capacity for a given section increases 
with the increase of longitudinal steel ratio (µ) or with 
the increase of fiber reinforcing index (If). 
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Fig. 11.  Design chart for all grades of concrete and steel 
with different fiber reinforcing indices If 
 
 
  
 
 
 
 
REF. 
INPUT DATA 
  Mnexp 
 KN.m 
Predicted        ACI 
   b x t 
  (mm)  
  As’ 
(mm2)
  fy 
Mpa 
vsf 
% lf/Φ 
 fcu 
Mpa 
   Mnp 
 KN.m 
Mnexp/ 
 Mnp 
MnACI 
KN.m 
Mnexp/ 
MnACI 
(Mustafa, 2007) 120x175 157 100 360 0.00 -- 80.4 11.85 10.86 1.09 8.28 1.43 
(Mustafa, 2007) 120x175 157 100 360 0.50 50 81.6 12.97 11.18 1.16 8.28 1.56 
(Mustafa, 2007) 120x175 157 100 360 1.0 50 84.4 13.52 11.68 1.16 8.29 1.63 
(Mustafa, 2007) 120x175 157 100 360 2.0 50 89.6 14.36 12.93 1.11 8.30 1.73 
(Mustafa, 2007) 120x175 157 100 360 1.0 60 84.4 13.62 11.68 1.17 8.29 1.64 
(Mustafa, 2007) 120x175 157 100 360 1.0 80 84.4 14.02 11.68 1.20 8.29 1.69 
(Mustafa, 2007) 120x175 157 100 360 0.50 50 81.6 12.19 10.89 1.12 8.29 1.47 
(Mustafa, 2007) 120x175 157 100 360 1.0 50 84.4 12.87 11.10 1.16 8.29 1.55 
(Mustafa, 2007) 120x175 157 100 360 2.0 50 89.6 13.65 11.82 1.15 8.30 1.64 
(Mustafa, 2007) 120x175 157 100 360 1.0 50 84.4 13.60 11.10 1.17 8.29 1.57 
(Mustafa, 2007) 120x175 157 100 360 1.0 50 84.4 13.69 11.10 1.18 8.29 1.58 
(Ashour, 1997) 100x150 157 -- 412 0.75 75 85 9.6 8.78 1.09 7.8 1.23 
(Ashour, 1997) 100x150 157 -- 412 1.50 75 85 10.95 9.72 1.13 7.8 1.40 
(Lim, 1987) 100x100 157 -- 420 0.50 30 80 4.85 4.65 1.04 4.54 1.07 
(Lim, 1987) 100x100 157 -- 420 1.0 50 80 5.0 4.75 1.05 4.54 1.10 
(Lim, 1987) 100x100 157 -- 420 1.50 30 80 5.40 4.84 1.12 4.54 1.17 
(Tan, 1994) 100x125 157 56.5 400 0.50 50 42 6.87 6.10 1.13 5.87 1.17 
(Tan, 1994) 100x125 157 56.5 400 1.0 50 42 7.19 6.34 1.13 5.89 1.22 
(Tan, 1994) 100x125 157 56.5 400 1.50 50 42 7.22 6.54 1.10 5.88 1.23 
(Tan, 1994) 100x125 157 56.5 400 2.0 50 42 7.51 6.71 1.12 5.87 1.28 
(Al Sayed, 1993) 250x250 400 -- 470 0.50 75 35 61.2 44.38 1.38 39.91 1.53 
(Al Sayed, 1993) 250x250 400 -- 470 1.0 75 35 63 48.40 1.30 39.89 1.58 
(Al Sayed, 1993) 250x250 400 -- 470 1.50 75 35 64.8 52.01 1.25 39.85 1.63 
(Al Sayed, 1993) 250x250 400 -- 470 1.0 60 35 60 46.75 1.28 39.85 1.51 
(Ashour, 1997) 170x300 628 -- 437 0.50 75 87 116.5 90.69 1.28 69.73 1.67 
(Ashour, 1997) 170x300 628 -- 437 1.0 75 88 122.8 95.41 1.29 69.77 1.76 
(Ashour, 1997) 170x300 628 -- 437 1.5 75 90 130.4 100.4 1.29 69.85 1.87 
(Ashour, 1997) 170x300 628 -- 437 0.50 75 87 115.7 90.69 1.27 69.73 1.66 
(Ashour, 1997) 170x300 628 -- 437 1.0 75 88 118.5 95.41 1.24 69.77 1.70 
(Ashour, 1997) 170x300 628 -- 437 1.5 75 90 120.8 100.4 1.20 69.85 1.73 
(Kormeling, 1980) 100x140 25 -- 412 1.20 60 46 3.12 2.51 1.24 1.24 2.52 
(Kormeling, 1980) 100x140 25 -- 412 0.89 75 42 2.90 2.45 1.18 1.24 2.34 
(Kormeling, 1980) 100x140 305 -- 412 1.20 60 46 17.40 13.60 1.28 13.06 1.33 
(Kormeling, 1980) 100x140 305 -- 412 0.89 75 42 17.27 13.31 1.30 12.84 1.35 
(Craig, 1987) 175x375 988 -- 412 1.75 55 34 169.5 137.26 1.23 126 1.35 
(Craig, 1987) 175x375 988 -- 412 1.75 55 41 135.6 133 1.02 128.83 1.05 
(Craig, 1987) 175x375 988 -- 412 1.75 45 35 138.9 136 1.02 126.5 1.09 
(Craig, 1987) 175x375 988 -- 412 1.75 55 39 192.1 140.92 1.36 128.13 1.50 
(Craig, 1987) 175x375 988 -- 412 1.75 55 70 155.6 152.77 1.02 134.45 1.15 
OVERALL AVERAAGE 1.17  1.50 
OVERALL STANDARD DEVIATION 0.09  0.30 
Table 2.  Comparison between experimental results and predictions of design equations
 
5- CONCLUSIONS 
There is a good agreement between the computed 
flexural strengths by the proposed ultimate strength state 
for HSFRC beams, and the experimental results of 
several sources of literature. Despite the difference in test 
specimens, concrete strength, reinforcement details, and 
fiber parameters, the proposed approach predicts the 
flexural strength reasonably well and proves the 
suitability as a design and analysis tool. The mean value 
of the ratio between the measured and calculated 
strengths is 1.17 and the standard deviation is 0.09. The 
predicted flexural strengths as computed by (ACI 
committee544, 1988) are very conservative where the 
mean value of the ratio between the measured and 
calculated strengths is 1.50 and the standard deviation is 
0.30. The sensitivity studies of the governing fiber 
parameters indicate that the nominal moment capacity 
for a given HSFRC section increases with the increase of 
fiber volume fraction and fiber aspect ratio. For different 
fiber contents, the predicted flexural strengths for 
partially reinforced SFRC beams are slightly less than 
that of fully reinforced SFRC beams. Also, the validation 
studies indicate the increase of nominal moment capacity 
with the increase of concrete strength, yield stress of 
steel, tension steel ratio, and compression steel ratio. 
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